
Projector-Augmented-Wave (PAW) Method
Imagine that we solve the Kohn-Sham (KS) equations (at least we try). The 
resulting all-electron (AE) orbitals are represented using plane waves.

Problem
The AE orbitals are orthogonal to each other. Therefore, they exhibit 
rapid oscillations in proximity to the nuclei. An accurate description of 
this phenomenon requires numerous plane-wave coe�cients. This 
incurs a high computational cost.

Solu�on
We transform the AE orbitals into computationally convenient pseudo 
(PS) orbitals [2].The PS orbitals are smoother and require fewer 
plane-wave coe�cients, at the price of no longer being orthogonal.

Zero-Point Renormalization (ZPR)
When electrons couple with the vibrations of the crystal lattice (phonons), 
the Kohn-Sham eigenvalues become renormalized. At zero Kelvin, this is 
called zero-point renormalization. This is particularly important for the 
band gap. We use perturbation theory at lowest order to calculate the ZPR. 
In this case, two diagrams contribute:

Fan-Migdal (FM) Debye-Waller (DW)

Electron-Phonon Matrix Element
The electron-phonon matrix element measures the coupling strength be-
tween electrons and phonons. It can be regarded as the probability ampli-
tude associated with this fundamental scattering process:

The ZPR needs to be converged with respect to the number of interme-
diate states and phonon momenta.
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• Fast ZPR convergence
• Easy to implement
• AE information is preserved implicitly

• Calculate force constants and derivative of potential in supercell using
 �nite displacements
• Fourier interpolate dynamical matrix to unit cell to obtain phonon
 modes and frequencies
• Fourier interpolate electron-phonon potential to unit cell
• Sandwich electron-phonon potential between Bloch states in unit cell

PAW KS Equations PAW OperatorsPAW Transformation

AE information is retained inside augmentation spheres around each nucle-
us using a radial basis set, the so-called partial waves,           and          .

Polar materials exhibit long-range electrostatic interactions for longitudi-
nal optical phonon modes. Fourier interpolation will fail in this case due 
to the long-range nature of the phenomenon.

We remove the long-range part of the potential due to dipole interac-
tions before the Fourier interpolation and add it back afterwards. It has a 
simple analytic form:

AE Method

We have two methods of calculating the ZPR. They are equivalent in 
the adiabatic limit if the rigid-ion approximation is not employed.

PS Method

We have implemented a state-of-the-art algorithm in VASP for calcu-
lating the electron self-energy using �nite di�erences and the PAW 
method. This provides access to the phonon-induced renormalization 
of the electronic bandstructure, as well as other quantities.

In this work, we demonstrated the current capabilities of the code 
and compared against literature values. We have compared two ap-
proaches to calculating electron-phonon matrix elements and ex-
plored their respective advantages. Based on our limited experience 
with ZPR calculations, we found that the PS approach converges to 
the same result as the AE approach. In addition, it converges faster 
and is more robust with respect to the choice of pseudopotential.

Problem

Solu�on

Problem

We use a Fourier-interpolation technique that combines the accurate 
Bloch states from the unit cell with the electron-phonon potential from a 
supercell. This way, we can systematically increase the number of states 
as well as the q-point density.

Solu�on

Advantages

• Formally only valid for adiabatic
 electron-phonon renormalization
• Expected to fail for other observables

Disadvantages

• Equations una�ected by PAW transform
• Usable everywhere, not just for ZPR
• Full AE treatment of the coupling

Advantages

• Slow ZPR convergence
• More dependent on pseudopotential
• More di�cult to implement

Disadvantages
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Conclusion

• Add more electron-phonon features
 • Transport
 • Phonon self-energy
 • Eliashberg function
 • Spin-orbit coupling
 • Dynamic quadrupoles in the long-range part
• Compare AE and PS approaches for other observables
• Extend PS formalism beyond electron-phonon renormalization

Future Developments

Results
AE and PS methods yield the same non-adiabatic band-gap ZPR for MgO, AlAs and ZnS. The AE ap-
proach requires signi�cantly more intermediate states to converge.

In the case of diamond, the AE approach depends signi�cantly on the pseudopotential used. Only after 
using the C_h_GW potential, which features a smaller core radius, did the AE and PS results coincide.
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The DW term can be calculated similarly after employing the so-called rig-
id-ion approximation.
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Recipe for calculating electron-phonon matrix elements [4]:

Finally, the wavefunction characters,          , are calculated by projecting the 
PS orbitals onto PAW projector functions,          :

PS Method AE Method
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